Abstract. Let (R, m) be a two-dimensional regular local ring and I an mprimary integrally closed ideal in R. In this paper, we give equivalent conditions for I to be a product of distinct simple m-primary integrally closed ideals (i.e., I = I 1 · · · I l , where I 1 , · · · , I l are distinct simple m-primary integrally closed ideals of R) in terms of the regularity of R [It]/p for all p ∈ Min(mR [It]) and in terms of how to choose a minimal generating set for I over its minimal reductions.
Introduction
Throughout this paper, (R, m, k) will denote a 2-dimensional regular local ring with residue field k and with quotient field K. Let I be an m-primary integrally closed ideal in (R, m, k). By Zariski's Unique Factorization Theorem, I = I for i = 1, · · · , l and j = 1, · · · , n. This paper is divided into three sections. Section 2 deals with some preliminary facts. In section 3, we shall prove our main theorems.
Preliminaries
Throughout this paper, all rings are assumed to be commutative with identity. By a local ring (A, n), we mean a Noetherian ring A which has a unique maximal 316 MEE-KYOUNG KIM ideal n. By dim(A) we always mean the Krull dimension of A. A regular local ring (A, n) is a local ring whose maximal ideal can be generated by d = dim(A) elements. We will use the abbreviation RLR for regular local ring. Recall that an ideal is simple if it is not the unit ideal and has no nontrivial factorization. An element a ∈ A is said to be integral over an ideal I of A if a satisfies an equation of the form a n + r 1 a n−1 + · · · + r n = 0,
The set of all elements in A which are integral over an ideal I forms an ideal, denoted by I and called the integral closure of I. An ideal I is said to be integrally closed (or equivalently "complete") if I = I. Let (A, n) be a local ring and I an ideal of A. An ideal J contained in I is called a reduction of I if JI s = I s+1 for some integer s ≥ 0. A reduction J of I is called a minimal reduction of I if J is minimal with respect to being a reduction of I. D. Northcott and D. Rees proved that if A/n is infinite, then any minimal generating set for a minimal reduction of an ideal I is analytically independent ([6, Lemma 2, p. 149]). We will use the notation λ A (M ) (or simply λ(M)) to denote the length of M as an A-module, µ(I) to denote the number of elements in a minimal basis of an ideal I in A (i.e., µ(I) = λ(I/nI)), and e(A) to denote the multiplicity of the maximal ideal n of A. The order o(I) of an ideal I of a local ring (A, n) is r if I ⊆ n r but I ⊆ n r+1 . We refer the reader to [4] , [1] , [2] , or [7] for any unexplained notation or terminology.
Let 
The set of corresponding discrete valuations of these Rees valuation rings of I are called the set of Rees valuations of I and denoted by T (I), i.e.,
In a d-dimensional local domain (A, n, l) with quotient field L, by a prime divisor of the second kind on A (or equivalently prime divisor of (A, n)) we mean a discrete valuation v of L on A which is non-negative on A and has center n on A and whose residual transcendence degree (denoted by tr.
We denote the residue field of the valuation ring of the valuation v by k(v).
Concerning the structure of the integrally closed ideal in a 2-dimensional RLR (R, m, k), O. Zariski proved the following beautiful theorems which are the main background for this paper. (2) Let k be a field and
regular if and only if G is a polynomial ring in d-variables over the field k.
Proof. (⇐) : This is clear.
⊇ : This is clear. ⊆ : For i = d + 1, · · · , n, we can express 
(1) ⇒ (2) : Suppose that S/p i is regular for i = 1, · · · , l. From ( * * ), we have 
From ( * ), we have o(I) = o(I 1 · · · I l ). This implies that I
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Using ( * ) and ( * * ), we have Without the assumption that the residue field k is algebraically closed, we give in Theorem 3.3 some equivalent conditions in order that R[It]/p i be regular for i = 1, · · · , l, which deal with the generating set for I over a minimal reduction.
Theorem 3.3. Let I be an m-primary integrally closed ideal in
Then the following conditions are equivalent :
( 
Since p i ∩ R [Jt] and mR [Jt] are homogeneous prime ideals such that
where at, bt denote the images of a, b in I/mI. Hence we have the following map of homogeneous graded rings: 
be a canonical map with ψ i (at) = X and 
The proof is complete. 
